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Abstract: The stability of nonlinear dynamic systems is crucial in ensuring their performance and
reliability across various engineering applications. This paper presents an enhanced methodology for
stability analysis utilizing Hessian-based approaches. The proposed framework systematically
investigates the second-order characteristics of nonlinear systems, providing deeper insights into their
stability properties. By leveraging the Hessian matrix, the method identifies critical points and examines
their nature, enabling precise determination of stability conditions. This novel approach addresses the
challenges of traditional techniques in dealing with complex nonlinearities and offers improved accuracy
in stability assessment. Analytical validation demonstrates the robustness of the methodology, ensuring
reliable predictions of system behavior under varying conditions. Practical applications include control
system design, mechanical systems, and energy dynamics. The research advances theoretical perspectives
and equips engineers and researchers with a powerful tool for analyzing and enhancing the stability of
nonlinear dynamic systems.
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1. INTRODUCTION

Devices that manage, command, direct, or govern the behaviour of other systems or devices are referred to as
control systems. Industrial production uses industrial control systems to manage machinery or equipment. A
control system's main feature is that there should be a clear mathematical link between its input and output. When
a linear proportionality can be used to explain how it relates to a system's input and output, the system is said to
be a linear control system. A system is again called a non-linear control system when the association of input and
output is not able to be expressed by a single linear proportionality instead by a non-linear relation. Compared to
linear systems, the security and management of nonlinear systems with control inputs are unquestionably popular
research topics in current systems and control theory. This wide variety of applications has drawn a lot of research
[1,2]. Numerous studies have examined the controllability and stability [3] of nonlinear control systems with the
goal of achieving a desirable response to a design objective. Numerous real-world control issues, such as tracking,
stabilising, and rejection of disturbances or attenuation of systems, heavily rely on stability evaluation and control
synthesis of nonlinear control systems. A system with a nonlinear connection between the static properties of the
input and output is referred to as a nonlinear control system. The feedback configuration is an important
interconnection utilised for nonlinear control systems. The design objectives determine how feedback affects
system response. There are various ways to formulate nonlinear control issues and approaches in classical control
theory [4,5]. A device, or group of devices, that controls, directs, commands, or governs the actions of other
systems or devices is called a control system. Machines and other equipment are controlled by industrial control
systems in industrial manufacturing. A feedback system is sometimes called a closed-loop system and can be
either positive or negative. A portion of the output values in a feedback system are "fed back," meaning they are
either included in (positive feedback) or deducted from (negative feedback) the initial reference point. In other
words, to adjust system responses and enhance stability, the output continuously updates its input. The stability
and stabilisation of nonlinear control systems are analysed or enhanced using a variety of techniques. Systems
that are either time-variant, nonlinear, or both are referred to as nonlinear control systems. The behaviour of
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system dynamics with inputs and how to adjust the output by altering the input through feedback are the focus of
control theory, a multidisciplinary field of mathematics and engineering. The "plant™ is the system that needs to
be managed. A controller that compares the plant's output to the intended output and gives the plant feedback to
adjust the output to get nearer to the preferred output is meant to make a system's output follow an intended
reference signal. Figure 1 shows the Nonlinear Control System.

Linear part H(s) » b

Non-linear part

B(y)

FIGURE 1. Nonlinear Control System

It is a challenging area of study to create nonlinear control schemes that optimise a Differential Algebra (DA).
Expanding the DA neighbourhood around equilibrium points and synthesising techniques for systems' asymptotic
stability are two important fundamental issues involved in this development. The stability of regulated systems is
examined using the direct technique in control theory [6]. When there is a certain positive variable and it is
necessary to demonstrate that its component through the system's solutions is definite negative, this approach
looks at the asymptotic reliability of an equilibrium point. The existence of a candidate Lyapunov Function (LF)
for an autonomous network description has also been demonstrated to be not unique. In order to determine the
DA for a given equilibrium point that has asymptotical local stability, a maximum possibility represents a
particular function on a given set.

2. LITERATURE REVIEW

Rahman et al., have stated that for reactor network control, a recursive method was created to limit the Jacobian
matrix eigenvalues. By using bifurcation elements, the stability problem was analysed using a steady-state
approach. A reference polymerisation reactor was employed to verify the developed method. An efficient reactor
electromicrobial network controller for renewable energy was presented, using an organised fractional
transformation. An intelligent H-infinity controller using the fractional transformation [7,8]. Ye et al., have
described that the complicated dynamics of global stability in nonlinear systems have garnered attention in recent
years. To comprehend stability in these kinds of systems, several techniques have been created. The Jacobian
matrix approach is a well-known stability analysis tool that provides information on local stability. It struggles
with complicated systems, though, and lacks knowledge about global stability. To give a thorough understanding
of system-wide stability, researchers are improving Jacobian approaches. These modifications are meant to get
beyond these restrictions and evaluate global stability in a wider class of nonlinear systems with particular
dynamics, but they are still limited to a small subclass of nonlinear systems [9,10,11].Cotterell et al., have studied
the reliability and management of nonlinear systems, where new results have been reported for both. The
reliability results were obtained using the linearisation methods of Lyapunov and Jacobi, and the controllability
results were obtained using the rank requirements for properness. In this study, we focus on the Lyapunov-based
strategy, which comprises the Lyapunov direct and indirect methods. Considering the fact that the Lyapunov
direct method is a useful technique for studying nonlinear systems and acquiring worldwide findings regarding
system stability. This study adopts a similar stance to that of by employing the Lyapunov indirect method, which
extends their findings by designing a state feedback controller for the stabilisation of such systems. This method
uses the concept of linearisation around a given point to attain equilibrium on a certain area using quadratic
Lyapunov functions, rather than searching for a Lyapunov function to be employed instantly to the nonlinear
system. The prospect of utilising the pace of variation of a function on R n to ascertain sufficient conditions for
the feedback system's stabilisation is then investigated utilising the Lyapunov-Razumikhin approach
[12].According to Granziol et al., both theoretically and empirically, the eigenspectra of Hessian matrices that
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emerge in machine learning models—especially for Neural Networks (NNs)—have garnered a lot of attention
lately. For instance, a trained model's so-called “sharpness" (or "flatness") can be described by the Hessian
eigenspectrum, which also gives information about the (local) loss curvature. These research, however, are either
restricted to empirical evaluation or are based on some unattainable simplified assertions that decrease to a result
of distinct Gaussian matrices or to the "mixed" behaviour of Mar cenko—Pastur and semicircle law [13,14,15].
Xinyan et al., have describes that this research gives exact conclusions on the Hessian eigenspectra for functional
Gaussian features on arbitrary loss functions, however, concentrating on the more manageable. Furthermore,
rather than concentrating just on the dispersion of limiting eigenvalues, our findings also provide new insights on
isolated eigenvalues (beyond the bulk) that are experimentally noted in contemporary NNs [16,17] Restrepo et
al., have proposed a few fractional operators that aim to generalise a number of other current operators have been
proposed. There have been some of these generalisations made. The derivatives of this type of operators are
obtained among other definitions. In this sense, the group generalises a wide range of fractional operators,
including the traditional Riemann-Liouville and Caputo operators as well as the operators with a non-singular
kernel. An intriguing feature of the non-singular kernel operators is that, despite their simplicity, they contain a
large number of currently popular operators. In addition, they may be represented using power series expansions
in terms of the traditional Riemann-Liouville operators. Recent years have seen a large amount of research into
fractional operators with non-singular kernels, which are employed in many different applications and system and
phenomenon modelling [18,19]. Koelewijn, and Toth et al., have studied that the connection to incremental
dissipativity for Discrete-Time (DT) nonlinear systems has been established using the differential form for
quadratic supply functions. Nevertheless, only quadratic storage functions that rely on a constant matrix are
examined. In contrast to the results obtained for Continuous-Time (CT) systems, where connections between
progressive dissipativity and different kinds of dissipativity have been established for broader storage functions,
this is more conservative. In order to demonstrate how the CT incremental stability as well as efficiency results
for DT systems may be formulated as a convex optimisation issue, this study present a novel generalisation of
these outcomes in this study [20].

3. RESEARCH METHODOLOGY

The research employs a Hessian-based approach to stability analysis for nonlinear dynamic systems,
systematically examining second-order characteristics by utilizing the Hessian matrix to identify critical points
and analyze their nature. A mathematical model incorporating state-space representations and nonlinear
differential equations is developed, with the Hessian matrix computed at equilibrium points to determine stability
conditions through eigenvalue analysis and determinant conditions. Comparative analysis with traditional
techniques, including Lyapunov functions and Jacobian-based linearization, is conducted using case studies in
control systems, mechanical models, and energy dynamics. Analytical validation is performed using symbolic
computation tools and algebraic solvers to ensure robustness in stability predictions. Practical applications in
engineering, such as control system design and mechanical system stability, demonstrate the improved predictive
capability of the proposed methodology. This comprehensive framework enhances accuracy and reliability in
stability assessment, addressing limitations of conventional methods and advancing the field of nonlinear system
analysis.

4. NONLINEAR SYSTEM REPRESENTATION

A nonlinear dynamic system is a system in which the relationship between the input and output cannot be
expressed as a simple linear function. Instead, its governing equations contain nonlinear terms, meaning that the
system's behavior is dependent on the state variables in a complex and often unpredictable manner.
Mathematically, a general nonlinear dynamic system can be expressed as a state-space model
x=f(u)y=g(xu)
where:

e X represents the state variables,

e U represents the control input,

o f(x, u)andg (x, u) are nonlinear functions that govern the system's dynamics.
where x € R" represents the system's state variables, u € R™ is the input, y is the output, and f and g are nonlinear
functions. Unlike linear systems, where solutions can be directly superimposed due to the principle of
superposition, nonlinear systems exhibit phenomena such as bifurcations, chaos, and limit cycles, making their
analysis and control more complex. These systems are widely found in mechanical, electrical, biological, and
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economic applications, where small changes in inputs or initial conditions can lead to significantly different
outcomes over time.

The equilibrium points of the system are obtained by solving:

f(xeue) =0

where x, and u, are equilibrium values of the state and input variables, respectively.

Hessian-Based Stability Analysis
Hessian-Based Stability Analysis is a second-order stability assessment method that utilizes the Hessian matrix—
the matrix of second-order partial derivatives of a scalar function (typically a Lyapunov function or potential
function)—to determine the stability properties of a nonlinear dynamic system. In this approach, the curvature of
the function at equilibrium points is examined by analyzing the eigenvalues of the Hessian matrix. This method
provides a more refined understanding of stability compared to first-order techniques like Jacobian-based
linearization, particularly for nonlinear and complex systems where higher-order effects play a crucial role.
The Heszsian Matrix H(x) is computed at equilibrium points:
H(x) =2

x?

Consider a nonlinear system with the following potential function:
V(X)=x*+x2+x; +x;
1 2

where V (X) is a potential function characterizing the system's energy behavior.
The Hessian matrix is then computed as:

v ]
ox% 0x 0x
.1 . 1. n
| v o |
[0x, dx; ox3 ]
Compute First-Order Derivatives
V=x3+x, ¥=x +x
ox1 1 2 By, 2 1

Eigenvalue Analysis for Stability Conditions
The stability of equilibrium points is determined by analyzing the eigenvalues of:
o Ifall eigenvalues are positive, the system is locally stable (positive definite Hessian).
e Ifany eigenvalue is negative, the equilibrium is unstable.
o If mixed eigenvalues exist, further analysis is needed to determine saddle points.
For a nonlinear system governed by V (x), the determinant and trace of H(x) also provide stability insights:
The eigenvalues A of H(x) satisfy:
xf - A 1 0
det (H-a1)=] ' ”_ A|
det (H(x)) >0, Tr(H(x)) > 0 = Stable,
det (H(x)) < 0 = Unstable
The determinant and trace of H(x) are also analyzed to confirm stability conditions.

Comparative Evaluation with Traditional Stability Methods
The proposed Hessian-based methodology is compared with conventional stability techniques, such as:

Lyapunov-Based Stability Analysis

Lyapunov stability methods use a Lyapunov function V(x) to determine system stability. The direct method states
that if V(x) is positive definite and its time derivative V(x) is negative definite, then the system is asymptotically
stable. The indirect method involves linearizing the system and analyzing the Jacobian matrix:

V (X) :%f(x) <0

The stability condition depends on the eigenvalues of J(x). If all eigenvalues have negative real parts, the system
is stable. Compared to the Hessian approach, Lyapunov methods provide global stability insights but may require
constructing an appropriate Lyapunov function, which is often challenging.
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Jacobian-Based Linearization
This method involves computing the Jacobian matrix at the equilibrium point and analyzing its eigenvalues. The
system is stable if all eigenvalues of the Jacobian have negative real parts:

L) <0
309 =2L
ofy 9]
of [63(1 axn)
Bx=1: =~
lor,  of,
[6X1 0xy]

While Jacobian-based analysis is effective for linearized models, it does not capture higher-order nonlinearities,
making it less effective in strongly nonlinear systems compared to Hessian analysis.

Energy-Based Stability Methods

Energy-based methods analyze the stability of a system by examining its total energy function and its rate of
dissipation over time. These methods are particularly useful for physical and mechanical systems, where energy
naturally serves as an indicator of stability. The fundamental idea is that a stable system should exhibit bounded
and decreasing energy, ensuring that disturbances do not lead to unbounded motion. Typically, a Lyapunov-like
energy function V (x), representing the system's total energy (such as kinetic and potential energy), is defined.
Stability is assessed by analyzing the time derivative of this function, V (x) where negative definiteness (V (x) <
0) ensures asymptotic stability. One widely used approach is the Lagrangian and Hamiltonian formulation, where
the total system energy is expressed as a sum of kinetic and potential energy components. In electrical and
mechanical systems, dissipation functions help account for energy losses due to damping, resistance, or friction,
reinforcing stability. Unlike purely algebraic methods such as Jacobian or Hessian-based techniques, energy-based
methods provide an intuitive physical interpretation of stability, making them valuable for robotics, power
systems, and fluid dynamics. However, their applicability is often limited to conservative or dissipative systems,
and constructing an appropriate energy function for general nonlinear systems can be challenging.

Applications of Hessian-Based Stability Analysis

Hessian-based stability analysis is widely applicable in various engineering and scientific fields. In mechanical
systems and robaotics, nonlinear dynamics frequently arise due to flexible structures, frictional forces, and complex
interactions. This method helps assess the stability of robotic manipulators with multiple degrees of freedom,
evaluate stability margins in flexible joint robots and exoskeletons, and enhance precision control in autonomous
robotic applications. In electrical power systems, stability analysis is crucial for ensuring reliable electricity
distribution. Hessian methodologies contribute to identifying stability conditions in renewable energy integration,
improving voltage and frequency control strategies, and enhancing transient stability assessment for smart grid
systems.

Aerospace and flight control systems also benefit from this approach, as aircraft and spacecraft often exhibit
nonlinear behavior due to aerodynamics and control surface interactions. Hessian-based stability analysis ensures
robustness in flight control system design, improves stability margins in adaptive control for unmanned aerial
vehicles, and assesses stability in spacecraft attitude dynamics and control.

In biomedical engineering, nonlinear models describe various physiological processes. This method plays a vital
role in cardiac dynamics and heart rate variability modeling, neural network stability in brain signal processing,
and drug delivery and metabolic stability analysis.

Advantages of Hessian-Based Stability Over Conventional Approaches

While Hessian-based analysis offers enhanced insights into system stability, it is beneficial to compare its
strengths with conventional methods. Unlike Jacobian-based linearization, which considers only first-order
derivatives, Hessian analysis incorporates second-order derivatives, leading to improved accuracy in highly
nonlinear systems and better identification of stability conditions beyond local equilibrium points. This method
captures critical bifurcation points that may be overlooked in linearization and the influence of second-order
perturbations, allowing a deeper understanding of system robustness. Compared to Lyapunov-based methods,
which often require constructing specific energy functions, Hessian analysis provides a systematic approach
applicable across various nonlinear systems and a direct mathematical framework for analyzing stability
conditions without requiring extensive function design.
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5. CONCLUSION

A Hessian-based methodology has been developed for the stability analysis of nonlinear dynamic systems,
enhancing accuracy in stability assessment. This approach effectively identifies critical points and evaluates their
stability conditions, overcoming limitations of Lyapunov-based and Jacobian-based techniques. The Hessian
matrix provides a more comprehensive understanding of system behavior, particularly in highly nonlinear cases.
Comparative evaluation demonstrates its robustness and applicability across various engineering domains.
Practical applications in control systems, mechanical models, and energy dynamics validate its effectiveness.
Unlike conventional methods, this framework systematically incorporates higher-order stability characteristics.
The results highlight its potential for precise stability prediction and improved control design. Engineers and
researchers can leverage this method for enhanced system reliability. By addressing key challenges in nonlinear
stability analysis, this study contributes to advancing theoretical and practical insights. The proposed methodology
offers a powerful tool for assessing and improving the stability of nonlinear dynamic systems.
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