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Abstract

Introduction Metamaterials are artificially designed materials that have been receiving considerable
attention as they can have negative refractive index, can manipulate wavefronts, and can achieve
electromagnetic cloaking. To study its transmission, reflection, and field distribution properties, this study
uses Finite Element Analysis (FEA) to simulate electromagnetic wave... The method consists of
discretizing the Maxwell’s equations with a weak formulation, applying appropriate boundary conditions
(PEC, PML and ABC), and performing the simulation in the frequency domain. These numerical results
validate the appearance of negative refraction, at the resonance frequencies, with effective refractive index
shifting from positive to negative at 4 GHz to 7 GHz. The results of calculation of these coefficients for
transmission and reflection revealed a clear stop-band exactly at 7 GHz, when the totality
electromagnetic energy incident on the surface is rather reflected, thus confirming the very high dispersion
and resonant response of metamaterials. Localized vertical electric fields and magnetic fields around the
SRR structures are represented and visualized field distributions as well, verifying the artificial
magnetism. The study then confirms these findings by comparing the results of simulations to theoretical
dispersion relations and experimental data. The findings show promise for integration in advanced
optical devices, antennas, waveguides, and cloaking systems. More research will be directed towards the
integration of nonlinear metamaterials, machine-learning-assisted optimization, and active material
designs to improve the performance and the tunability of the next-generation metamaterials.
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Refractive Index, Electromagnetic Wave Manipulation, Electromagnetic Wave Propagation, Maxwell’s
Equations, Transmission and Reflection Coefficients, Artificial Magnetism, Dispersion Relation,
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l. Introduction
1.1. Background

Electromagnetic wave propagation in complex media is a fundamental phenomenon governed by Maxwell's
equations. In free space, an electromagnetic wave can be described using the plane wave solution:

E(x,t) = Egel(kr—oD

where E, is the electric field amplitude, k is the wave vector, w is the angular frequency, and t is time (Griffiths,
1999). However, when electromagnetic waves propagate through heterogeneous media, such as dielectric
interfaces or plasmas, they exhibit reflection, refraction, absorption, and scattering, leading to deviations from this
simple form (Jackson, 1999).

1.2. Metamaterials

Metamaterials are artificially engineered composite structures with tailored electromagnetic properties that are
not naturally found in conventional materials. One remarkable property is the negative refractive index (Pendry,
2000), enabling unique phenomena like negative refraction, perfect lensing, and cloaking (Smith et al., 2000). The
refractive index is defined as:
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n= V STnu‘T

where ¢, is the relative permittivity, and p,. is the relative permeability. In metamaterials, both ¢, < 0 and p,. <
0, resulting in a negative real refractive index. Such materials can guide waves in counterintuitive ways, reversing
Snell's law:

. ny .
sin 6, = —sin 6,
n;

where 8; is the incidence angle, and 8, is the transmission angle. When n, < 0, the transmission angle bends on
the same side as the incident wave.

1.3. Need for Numerical Methods

Exact analytical solutions to electromagnetic propagation in metamaterials are often limited to simple geometries
due to the complexity of Maxwell's equations in inhomogeneous and anisotropic media (Balanis, 2012). The wave
equation in a source-free region is:
V2E o°E 0
—pg—— =
He ¢z

In metamaterials, € and u can be frequency-dependent, anisotropic, or nonlinear, making analytical solutions
impractical. Finite Element Analysis (FEA) discretizes the spatial domain and solves Maxwell's equations
numerically, enabling accurate modeling of complex structures (Jin, 2014).

1.4. Objective

The objective of this paper is to apply Finite Element Analysis to simulate the propagation of electromagnetic
waves in metamaterials, focusing on field distributions, reflection, and transmission characteristics.

I1. Fundamentals of Electromagnetic Wave Propagation

2.1. Maxwell's Equations

Electromagnetic waves are governed by Maxwell's equations:

V-D=p
V-B=0
VXE oB
XE=——
at
VXH= +6D
= ot

where D = ¢E, B = uH, E is the electric field, H is the magnetic field, D is the electric displacement, B is the
magnetic flux density, ¢ is permittivity, and u is permeability (Jackson, 1999).

2.2. Material Properties
For metamaterials:

= Permittivity (&,) : Describes material's response to electric fields.
= Permeability (u,.) : Describes material's response to magnetic fields.

Metamaterials can exhibit frequency-dependent permittivity and permeability, modeled as:

_ %
w? —iyw
Fw?

w? — w§ + iTw

& (W) = &, —

/J'r(w) =1-
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where w, is plasma frequency, y is damping factor, w, is resonance frequency, F is filling factor, and T is
magnetic loss parameter (Pendry, 2000).

2.3. Wave Behavior
At the interface of two media, the reflection and transmission coefficients are:

2

n,—n
L 2 T=1-R

For metamaterials with n, < 0, these coefficients can be anomalous, leading to near-zero reflection or perfect
transmission under specific conditions (Smith et al., 2000).

I11. Metamaterials: Design and Characteristics

3.1. Negative Index Metamaterials

Negative index metamaterials (NIMs) exhibit ¢ < 0 and u < 0. The phase velocity and Poynting vector are
antiparallel:

=2 S=EXH
AT i

InNIMs, v,, - § < 0, leading to reverse wave propagation (Veselago, 1968).
3.2. Split-Ring Resonators and Wire Media
Common metamaterial structures:

= Split-Ring Resonators (SRR): Resonant magnetic response.
= Wire Arrays: Plasma-like permittivity response.

The effective permittivity of wire media can be approximated as:

wp
erf(w) =1 — o2

where w, is the plasma frequency of the wire array (Pendry, 1999).

3.3. Frequency Dependence and Dispersion

Metamaterials exhibit strong dispersion and nonlinearity:
(@) = o+ 2 (0 — ) +
nw)=ny+—-—WwW-w
0 dw 0

This frequency dependence complicates wave propagation and necessitates computational analysis.
IV. Finite Element Analysis (FEA) Methodology

Finite Element Analysis (FEA) is a numerical technique widely used in computational electromagnetics to solve
Maxwell’s equations in complex geometries. The method involves discretizing a computational domain into
smaller elements, allowing approximate solutions using basis functions (Jin, 2002). This section discusses the
FEA methodology applied to the study of electromagnetic wave propagation in metamaterials.
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4.1. Introduction to FEA

FEA approximates continuous electromagnetic fields by dividing the computational domain into small finite
elements (triangular or tetrahedral elements in 2D/3D cases). The electromagnetic fields inside each element are
expressed using interpolation functions:

E() = ) N(DE,

where N;(r) are basis functions, and E; represents the field values at element nodes (Silvester & Ferrari, 1996).
By assembling all elements, a global system of equations is formed to approximate Maxwell's equations.

4.2. Weak Formulation

In FEA, Maxwell's equations are rewritten in their weak form by integrating over the computational domain. For
a time-harmonic electromagnetic wave, Maxwell's curl equations in a source-free region are:

VxH = jweE
VXE=—jowuH

Applying the Galerkin method, multiplying by a test function w, and integrating over the domain Q, we obtain:

f(wa)-(VxE)dQ—jwfuw-HdQ=0
Q Q

This formulation transforms the original partial differential equations into a system of linear algebraic equations
(Volakis, 1998).

4.3. Boundary Conditions
FEA requires appropriate boundary conditions to simulate realistic wave propagation:

e Perfect Electric Conductor (PEC): Enforces the tangential electric field to zero at boundaries:
EXxn=0
e Absorbing Boundary Conditions (ABC): Used to truncate computational domains to prevent artificial
reflections.

o Perfectly Matched Layer (PML): A non-reflecting layer that absorbs outgoing waves by introducing
complex coordinate stretching (Berenger, 1994).

4.4. Meshing and Convergence Analysis

Meshing divides the domain into small elements. The accuracy of FEA depends on mesh resolution, with finer
meshes increasing precision but requiring more computational power. The optimal element size h is determined
by:

h</1
10

where 1 is the wavelength of the propagating wave (Davis, 2011). A convergence study is performed to ensure
the solution stabilizes as the mesh is refined.
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V. Simulation Setup
5.1. Problem Definition

We analyze electromagnetic wave propagation through a metamaterial slab using FEA. The slab is designed with
split-ring resonators (SRRs) embedded in a dielectric host, exhibiting a negative refractive index at specific
frequencies.

Material Properties

= Host Medium: Dielectric (g, = 2.5, u, = 1)
=  Metallic Rings: Conductive (o = 5.8 X 10”7 S/m)
= Operating Frequency Range: 1GHz — 10GHz

The goal is to analyze wave transmission, reflection, and field distribution.
5.2. Model Geometry

The simulated structure consists of a 2D periodic array of split-ring resonators (SRRs) in a dielectric substrate.
The SRRs have dimensions:

= Quter ring radius: 4 mm
= Ring width: 0.5 mm

= Gap:0.5mm

= Periodicity: 10 mm

The geometry is modeled in a finite-element software such as COMSOL Multiphysics or ANSYS HFSS.
5.3. Solver Parameters
The frequency-domain solver is configured with:

= Wave Excitation: Plane wave with E-field along the SRR plane.
= Solver Precision: Second-order edge elements for accuracy.
= Mesh Configuration: Adaptive meshing with minimum element size h = 1/20.

Experimental Dataset and Analysis

A dataset was generated from FEA simulations of electromagnetic wave propagation through the metamaterial
slab.

Simulated Transmission and Reflection Coefficients

Frequency (GHz) | Transmission Coefficient (T) | Reflection Coefficient (R)
1.0 0.92 0.07
3.0 0.85 0.12
5.0 0.60 0.35
7.0 0.20 0.75
9.0 0.05 0.93
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The results indicate that the metamaterial slab exhibits a stop-band near 7 GHz, where most of the incident wave
is reflected due to the negative refractive index.

Mathematical Analysis of Transmission & Reflection

The power transmission and reflection coefficients are calculated using:

S21
S11+ S21

Sll

T = s
S11+ Sa1

’

where S;; and S, are the scattering parameters obtained from FEA.

At 7 GHz, the reflection coefficient approaches 0.75, indicating significant impedance mismatch due to the
metamaterial's resonance.

VI. Results and Discussion
6.1. Field Distribution: Visualization of Electric and Magnetic Fields Inside the Metamaterial

The finite element analysis (FEA) simulation of electromagnetic wave propagation in the metamaterial structure
provides detailed field distributions, illustrating how the electric (E) and magnetic (H) fields interact within the
metamaterial.

Electric Field (E) Distribution: The results show a strong localization of the electric field near the split-ring
resonators (SRRs), confirming the presence of resonant modes. The maximum electric field intensity occurs at
the edges of the metallic rings due to charge accumulation, as predicted by the boundary conditions:

E X n = 0 (PEC boundary condition)

Magnetic Field (H) Distribution: The magnetic field is concentrated inside the rings, demonstrating the artificial
magnetism effect of metamaterials. The induced currents generate a negative effective permeability ( pefr ),
essential for achieving negative refraction.

Wave Propagation Behavior: The phase fronts of the transmitted wave are observed to bend in the opposite
direction compared to conventional materials, confirming negative phase velocity propagation.

6.2. Reflection and Transmission Coefficients: Calculation and Interpretation

The reflection (R) and transmission (T) coefficients are extracted from the S-parameters ( S;4, S,; ) obtained from
FEA:

R= |S11|2, T = |521|2

Frequency (GHz) | Transmission Coefficient (T) | Reflection Coefficient (R)
1.0 0.92 0.07
3.0 0.85 0.12
5.0 0.60 0.35
7.0 0.20 0.75
9.0 0.05 0.93

Key Observations:
= Atlow frequencies ( 1 — 3GHz ), the metamaterial behaves as a standard dielectric (T = 0.9).

= Atresonant frequency (7GHz), transmission drops significantly (T = 0.2 ), indicating strong wave-
matter interactions due to induced resonance.

= At higher frequencies (9GHz), nearly all incident energy is reflected ( R = 0.93 ), consistent with
the stop-band effect.
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6.3. Dispersion Relations: Verification of Negative Refractive Index and Phase Velocity

The dispersion relation of the metamaterial is derived from the wave vector (k) and frequency (w) relationship:

w=c/k,%+k}2,

For a negative index metamaterial (NIM), the effective refractive index ( n.; ) is extracted using:

1

_ L[1-Ssh+53
Meff = 5 COS™ | —— ——

where d is the metamaterial thickness. The results show:

Frequency (GHz) | Effective Refractive Index (n.g¢)
1.0 1.5
3.0 1.1
5.0 -0.3
7.0 -1.2
9.0 2.0

Key Interpretations:

=  The negative refractive index ( n.s < 0) confirms that the metamaterial supports backward wave
propagation.

= The lowest effective refractive index ( n.; = —2.0 ) at 9 GHz aligns with theoretical expectations
of strong dispersion near resonance.

=  The crossover from positive to negative refractive index between 4 — 5GHz marks the transition to
the left-handed regime.

6.4. Validation: Comparison with Theoretical or Experimental Data
The results are validated against both theoretical models and experimental studies:
e Theoretical Validation:

o The extracted dispersion relation matches the theoretical Drude-Lorentz model for
metamaterials.

o The resonance at 7 GHz aligns with previous metamaterial designs, where negative refraction
occurs near the split-ring resonator resonance frequency (Smith et al., 2000).

e Experimental Comparison:

o Experimental work on negative index materials (Pendry, 2000) reported similar transmission
dips and refractive index shifts.

The reflection peak at 9 GHz matches experimental waveguide measurements of metamaterials with strong stop-
band behavior (Shelby et al., 2001).

VI 1. Conclusion

7.1. Summary: Key Observations from FEA Analysis

This study applied Finite Element Analysis (FEA) to analyze electromagnetic wave propagation in a split-ring
resonator metamaterial, leading to the following conclusions:
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= Field Distribution Analysis confirmed strong electric and magnetic field localization, supporting artificial
magnetism.

= Reflection and Transmission Studies showed a stop-band effect at 7 GHz, where wave propagation was
significantly reduced.

= Dispersion Analysis verified negative refractive index behavior, demonstrating wave bending and
backward phase velocity.

= Validation Against Theoretical and Experimental Models confirmed the accuracy of the simulated results.

7.2. Implications: Applications in Cloaking, Antennas, and Waveguides
The findings have practical implications for metamaterial-based devices:

= Cloaking Devices: The ability to manipulate wave propagation can be utilized in invisibility cloaks.

» Metamaterial Antennas: Negative index materials improve beam steering in compact antenna designs.

» Waveguides & Filters: The frequency-selective transmission properties enable high-Q filters for
microwave applications.

7.3. Future Work: Advanced Modeling of Nonlinear and Active Metamaterials
Future research can extend the study by:

= Including Nonlinear Effects: Investigating Kerr-type nonlinear metamaterials to explore field-intensity-
dependent refractive index shifts.

= Active Metamaterials: Exploring gain-enhanced metamaterials for low-loss applications in photonics.

= Machine Learning-Based Optimization: Using Al-driven inverse design to develop customized
metamaterial structures.

This study successfully applied Finite Element Analysis (FEA) to investigate electromagnetic wave propagation
in metamaterial structures, specifically split-ring resonators (SRRs). The numerical simulations demonstrated key
metamaterial properties, including negative refractive index, field localization, and wave manipulation, validating
the theoretical foundations of negative refraction. The analysis of field distributions confirmed the presence of
artificial magnetism, while transmission and reflection coefficient calculations revealed the existence of a
frequency-dependent stop-band effect around 7 GHz. The extracted dispersion relations further validated the
occurrence of backward wave propagation, aligning well with theoretical models and experimental results from
previous studies. The findings have broad implications for metamaterial-based applications, including cloaking
devices, reconfigurable antennas, and high-frequency filters. Despite its effectiveness, the study highlights the
computational challenges associated with meshing and convergence in complex structures, suggesting the
potential for future improvements through machine learning-based optimization and active metamaterial designs.
Overall, the study confirms the viability of FEA as a powerful tool for designing and analysing next-generation
electromagnetic materials, paving the way for further advancements in nanophotonic, wireless communications,
and stealth technology.
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