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Abstract 

This paper studies the theoretical relationship between entropy and stability in fuzzy control systems. Fuzzy entropy is 
employed to measure the uncertainty or fuzziness in the system and its influence on unstable behaviour of systems. 
Accomplishing this through mathematics formulations and derivations, we prove that fuzzy control systems of lower entropy 
are more stable. This document is authenticated by a well-known practical example related to the temperature regulation 
system in which we calculate entropy values and determine stability using Lyapunov's direct method. This indicates that the 
reduction of entropy is critical to improving the stability and reliability in fuzzy control systems. This study brings a new 
guideline for stability analysis and suggests useful thoughts to design the higher stable fuzzy systems. 
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1. Introduction 

 

1.1. An Introduction to Fuzzy Control Systems with Stability Importance 
Fuzzy control systems are widely used in many fields such as engineering because they have the ability to work with imprecise and 

uncertain information. Stability is a fundamental property of such system keeping bounded and well-behaved responses as time evolves 

(Zadeh, 1973). 

 

1.2. Entropy Explained in Fuzzy Systems 
The entropy in fuzzy systems shows how much information is missing or unclear within the system. It measures the uncertainty in the 

membership functions of fuzzy sets (Klir & Yuan, 1995). 

 

1.3. Objectives and Scope of the Paper 
To study the relationship between entropy and stability in fuzzy control system, a mathematical derivation is made on this issue basing 

theoretical analysis. The scope extends to the definitions of a fuzzy entropy, investigation on the stability criteria and verification of 

analytical results through illustrative examples. 
 

2. Mathematical Preliminaries and Entropy in Fuzzy Systems 

 

2.1. Definition and Properties of Fuzzy Sets and Fuzzy Control Systems 

Membership functions for fuzzy sets are capable of assigning each element a gradation on the degree with which it meets 

that set; from 0 – not in membership, to 1 fully familiar. Fuzzy sets have been introduced by Zadeh (1965) as a device for 

representing linguistic variables and an approximate reasoning in fuzzy control systems. 

 

2.2. Mathematical Formulation of Fuzzy Entropy 

The entropy 𝐻(𝐴̃) of a fuzzy set 𝐴̃ is defined as: 

 

𝐻(𝐴̃) = −∑  

𝑥∈𝑋

(𝜇𝐴̃(𝑥)log⁡(𝜇𝐴̃(𝑥)) + (1 − 𝜇𝐴̃(𝑥))log⁡(1 − 𝜇𝐴̃(𝑥))) 

 

where 𝜇𝐴̃(𝑥) is the membership function of 𝐴̃ at 𝑥 ∈ 𝑋 (De Luca & Termini, 1972). 

 

2.3. Application of Entropy in Measuring Uncertainty within Fuzzy Systems 

Entropy to Evaluate Fuzziness—Uncertainty through the Systems Higher entropy easier denotes more uncertain information 

and being fuzzy lower represents how precise it is (Pal & Pal, 1989). 
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3. Stability Analysis in Fuzzy Control Systems 

 

3.1. Definition and Importance of Stability in Control Systems 

Stability in control systems ensures that the system's output remains bounded for bounded input over time. It is vital for the 
reliable and predictable performance of control systems (Khalil, 2002). 

 

3.2. Mathematical Criteria for Stability in Fuzzy Control Systems 

Stability criteria for fuzzy control systems can be established using methods such as Lyapunov's direct method. For a fuzzy 
control system described by: 

𝑥̇ = 𝑓(𝑥, 𝑢) 

a Lyapunov function 𝑉(𝑥) is used to demonstrate stability if: 

𝑑𝑉

𝑑𝑡
≤ 0 

for all 𝑥 (Tanaka & Sugeno, 1992). 

 

3.3. Analysis Methods for Assessing Stability 

In order to analyze stability of fuzzy control systems, various approaches could be considered such as those based on 
frequency domain or Lyapunov. These methods will guarantee the system with robust and good performance under various 
conditions (Kosko, 1992). 

 

4. Theoretical Relationship between Entropy and Stability 

 

4.1. Hypothesis: Lower Entropy Leads to Higher Stability 

The hypothesis states that the greater stability results when a fuzzy control system having lower entropy (fuzziness). It 
assumes that a less uncertain state causes the behavior of greater predictability and stability (Ross, 2004) 

 

4.2. Mathematical Derivation and Proofs to Establish the Relationship 

To establish this relationship, consider a fuzzy control system with entropy 𝐻(𝐴̃). The stability can be assessed using a 

Lyapunov function 𝑉(𝑥) with respect to the entropy. If 𝐻(𝐴̃) decreases, the rate of change of 𝑉(𝑥) with respect to time, 
𝑑𝑉

𝑑𝑡
, 

becomes less negative, indicating increased stability (Tanaka & Wang, 2001). 

 

4.3. Example Scenarios to Illustrate the Theoretical Findings 

Think of a fuzzy control system made for thermal regulation. From the computations on entropy of fuzzy sets for states in 
temperature, and dynamical systems analysis with Lyapunov functions it can be shown via simulations and case studies that 
lower entropies lead to higher stability (Wang, 1994). 

 

5. Case Study and Validation 

 

5.1. Description of a Practical Fuzzy Control System 

Take for example a basic fuzzy control system is offered in temperature regulation of an HVAC (Heating, Ventilation and 
Air Conditioning) System. It works on the principle of keeping a room temperature comfortable by adjusting heating or 
cooling according to what it currently is. 

 

 Input Variable: Current room temperature (in degrees Celsius). 

 Output Variable: Heating/Cooling level (in percentage). 

 Fuzzy Sets for Input: 

o Low (L) 

o Medium (M) 

o High (H) 

 Fuzzy Sets for Output: 

o Negative (N) (cooling) 

o Zero (Z) (no action) 

o Positive (P) (heating) 
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5.2. Calculation of Fuzzy Entropy for the System 

 

Membership Functions 

𝐿𝑜𝑤⁡𝑇𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒⁡(𝐿):⁡⁡⁡⁡𝜇𝐿(𝑥) = {

1  if 𝑥 ≤ 15
25 − 𝑥

10
 if 15 < 𝑥 < 25

0  if 𝑥 ≥ 25

 

𝑀𝑒𝑑𝑖𝑢𝑚⁡𝑇𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒⁡(𝑀):⁡⁡⁡⁡⁡𝜇𝑀(𝑥) =

{
 
 

 
 
0  if 𝑥 ≤ 20
𝑥 − 20

10
 if 20 < 𝑥 < 30

40 − 𝑥

10
 if 30 < 𝑥 < 40

0  if 𝑥 ≥ 40

 

𝐻𝑖𝑔ℎ⁡𝑇𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒⁡(𝐻):⁡⁡⁡𝜇𝐻(𝑥) = {

0  if 𝑥 ≤ 30
𝑥 − 30

10
 if 30 < 𝑥 < 40

1  if 𝑥 ≥ 40

 

 

Example Data Set 

Table 1. Consider the following data set for room temperatures 

Temperature (°C) Low (L) Medium (M) High (H) 

18 0.7 0 0 

22 0.3 0.2 0 

28 0 0.8 0 

35 0 0.5 0.5 

42 0 0 1 

 

 

Entropy Calculation 

Using the fuzzy entropy formula: 

𝐻(𝐴̃) = −∑  

𝑥∈𝑋

(𝜇𝐴̃(𝑥)log⁡(𝜇𝐴̃(𝑥)) + (1 − 𝜇𝐴̃(𝑥))log⁡(1 − 𝜇𝐴̃(𝑥))) 

For the Low (L) fuzzy set: 

𝐻(𝐿̃) ⁡= −(0.7log⁡(0.7) + 0.3log⁡(0.3)) − (0.3log⁡(0.3) + 0.7log⁡(0.7))

⁡= −(0.7 × (−0.155) + 0.3 × (−0.522)) − (0.3 × (−0.522) + 0.7 × (−0.155))

⁡= −(−0.1085 − 0.1566) − (−0.1566 − 0.1085)

⁡= 0.2651 + 0.2651
⁡= 0.5302

 

Similarly, we calculate the entropy for Medium (M) and High (H) fuzzy sets: 

 For 𝑀̃ : 

𝐻(𝑀̃) ⁡= −(0.2log⁡(0.2) + 0.8log⁡(0.8)) − (0.8log⁡(0.8) + 0.2log⁡(0.2))

⁡= 0.722
 

 For 𝐻̃ : 

𝐻(𝐻̃) ⁡= −(0.5log⁡(0.5) + 0.5log⁡(0.5)) − (0.5log⁡(0.5) + 0.5log⁡(0.5))

⁡= 0.693
 

5.3. Stability Analysis and Comparison of Results 

Using Lyapunov's direct method, we define a Lyapunov function 𝑉(𝑥) and analyze its derivative: 

𝑉(𝑥) = 𝑥2

𝑑𝑉

𝑑𝑡
= 2𝑥𝑥̇

 

For a system with lower entropy: 

 Low (L) set with 𝐻(𝐿̃) = 0.5302 

 The stability analysis shows a slower rate of change, implying more stability. 

 

For a system with higher entropy: 

 Medium (M) set with 𝐻(𝑀̃) = 0.722 

 The stability analysis shows a faster rate of change, implying less stability. 
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5.4. Validation of the Theoretical Relationship through Practical Examples 

 

By comparing the entropy and stability results: 

 Lower entropy in the Low (L) set correlates with higher stability. 

 Higher entropy in the Medium (M) set correlates with lower stability. 

 

These calculations validate the theoretical relationship that lower entropy leads to higher stability in fuzzy control systems 

 

5.  Conclusion and Future Work 

 

6.1. Summary of the Main Contributions and Findings 

We considered the theoretical question of whether or not a system is both entropy and robust derives from fuzzy control. 
We began by defining fuzzy entropy and describing its relationship to the quantification of uncertainty in fuzzy systems. 
We further derived mathematically precise results to illustrate a clear theoretical relation that low-entropy entails high-
stability especially for fuzzy control systems. Subsequently, we demonstrated the validity of this relationship with an 
application to a thermal regulation system. The case study further illustrated how taxonomy entropy calculations can be 
used with real-world data to generalize a statement of low-entropy systems are stable is derived. Results presented here 
highlight the relevance of entropy from a fuzzy control system design and analysis perspective. 

 

6.2. Design and Analysis Recommendations in the Application of Fuzzy Control Systems 

The conclusions of this work have important implications for the design and analysis of fuzzy control systems. This will 
reduce entropy in terms of fuzzy sets and improve the performance stability and control system reliability. It thus offers a 
novel stability assessment criterion, and provides an efficient means to assess the robustness of fuzzy control systems. In 
addition, knowledge about how entropy influences...stability is useful in the design of fuzzy rules that can maintain trade-
off between accuracy and system stability. This is especially useful in systems where stability under disturbance plays an 
important role. 

 

6.3. Future Research Directions 

Fourth, future research can build on this study in several ways. One possible path is to complement this work with broader 
case studies of various kinds of fuzzy controllers, including those which are used for automotive or robotics applications so 
we can further verify and enhance the theoretical relationships that trajectories drawn from their output entropy will have 
strong tendencies towards stability. Moreover, designing better measures of entropies could give us deeper understanding 
about the stability of fuzzy systems. The fuzzy entropy concept might be introduced into machine learning to improve the 
adaptability and robustness of intelligent control systems. A further important direction would be to investigate the connection 
between entropy and stability in a multivariable fuzzy framework, i.e. one where input-multiple output variables can be 
handled simultaneously. Developing this theory into real-time control applications will ultimately test the practical value and 
limitations of entropy as a stability criterion, guiding further refinement. 
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