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1. INTRODUCTION

Mordchaj Wajsberg [1] introduced the concept of W-algebras in 1935 and studied by Font, Rodriguez and
Torrens[2]. Residuated lattices were announced by Ward and Dilworth [3]. Ibrahim and Shajitha Begum [4]
introduced the notions of LW-algebras and also investigated their properties with suitable llustrations. The authors
[5] introduced the notion of anti-fuzzy Wajsberg implicative ideal (AFWI-ideal) of RLW-algebras.

In this paper, we consider positive implicative Wl-ideal of RLW-algebra and investigate some related properties.
Also, we prove that every positive implicative Wl-ideal is an implicative Wl-ideal and hence a WI-ideal, and that
every associative Wl-ideal is a Wl-ideal.

2. PRELIMINARIES
In this section, we recall some basic definitions and properties which are helpful to develop our main results.

Definition 2.1[3]. A residuated lattice (o, V, A, ®,—,0,1) satisfied the following conditions for all
DJ p; q E 80;

(M (0, vV, A, 0,1) is a bounded lattice
(i) (,Q, 1) is commutative monoid
(iii) 0 ®p <gifandonlyif o <p — q.

Definition 2.2[2]. A W-algebra (g0, —,* ,1)satisfied the following axioms for all o, p, q € 0,

0] p-p=1

(i) If(o>p)=({m—>0)=1theno=p
(iii) 0—>1=1

(iv) (@-@(p-o0)=1

(V) floop)=@P@-oq)=1theno—>qg=1
Vi) (@-p->((a-0)->(@-p)=1
(Vi) o->(p-oq=p-o(0-0q)
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(viii) p—->0=p0—-1"=0"

(ix) (o) =0o

) (0" > p)=p-o.

Proposition 2.3[3]. Let (o, V, A, ®,—,0,1) be aresiduated lattice. Then the following are satisfied for
allo,p,q € o,

(i) o®p)>qg=0-(p—q)

(i) AP ®a=0Q(PRq)

(i) o®p=pQo

Definition 2.4[2]. Let (2, V, A, *,—,1) be a LW -algebra. If a binary operation “ @ " on  satisfied 0 Q
p =(0—-p)forallo,p € p.Then (o, V, A, ®, =, *, 0, 1)is called a RLW -algebra.

Definition 2.5[6]. The RLW -algebra g is called a RLHW -algebra if it satisfied o V p V ((o Ap) > q) = 1for
allo,p,q € .

In a RLHW -algebra g, the following are hold,

Q) PQRPpEP

(i) Q@ O®p)=0ORp); 0> (—p)=(o—p)

i) oQ@(GPR®N=0RPNRO®A®q;o->P—>q9)=0O->p)—>(O->q)

Definition 2.6[2]. Let o be a lattice. An ideal I of  is a nonempty subset of  is called a lattice ideal, if
it satisfied the following axioms for all o,p € £,

(M oEl,p€ELandp < oimplyp €/
(i) o,p € limplieso V p € I.

Definition 2.7[4]. A non-empty subset I of a W-algebra g is an ideal, if it satisfied the following axioms for
all o,p € g,

0] 0€el
(i) o€landp < oimplyp € [.
3. MAIN RESULTS

3.1 Positive Implicative and Associative Wl-ideals of RLW- algebras.

In this section, we consider positive implicative and associative WIi-ideals of RLW -algebra and
explore some of its properties.

Definition 3.1.1. A non-empty subset I of a RLW -algebra £ is called a positive implicative Wi-ideal of g if
it satisfies the following,

0] 0€el
(i) (r®(W@® p)®p)€elando €l imply p €] forallo,p,q € #;
(iii) (p=(q—= p))* —o) €lando €l imply p €[ forallo,p,q € .

Example 3.1.2. Consider a set ={0, u, v , w, 8, £, 1}. Define a partial ordering “<” on g, such that 0 <
u < v <w < 8<1t <1with a binary operations “ §Q "and " — "and a quasi complement " * "on £
as in following tables 3.1.1 and 3.1.2.
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Table 1. Complement Table 2. Implication
o o - 0| uw |v|iw| 8 t 1
0 1 0 111111 1 1
w | s u 8 |1 18| 8 | 1|1
v P v 3 t |18 8 1 1
w | v w v | v |v]| 1 1 1 1
P P 3 vl lv | vt 1 1 1
p 0 t O|v |v]|s8| 8 1 1
1 0 1 0|l uw |v|w| 8 t 1

Define Vv and A operations on  as follows:

(ovp)=(@-=p)—p

(@ Ap) =@ ->p)->p)50Qy=(0—-p) foralo,p€p.

Then, § is a RLW -algebra. It is easy to verify that, I, = {0, 1, 8} is an positive implicative WI-ideal of .
But I, = {1, wr, 8} is not a positive implicative Wi-ideal of . Since, ((w RBR] w)) X ,v,) =0¢
I,.

Proposition 3.1.3. Let I be a non-empty subset of . If [ is a positive implicative Wi-ideal of o, then [ is
a Wi-ideal of .

Proof. Let I be a positive implicative Wi-ideal of g then from the definition 3.1.1 we have 0 € I and
replace o = pand g = o forall o,p, q €  in i) of the definition 3.1.1, (o ® (0 ® 0)) ® p)) € I, (((0 -
(o0—=0))—>p) €landp €l forallo,p,q € f

(0®0)XPpel,(((0->0)"—>p)) elandp € implyo €[ forallo,p,q € P

0@p€el,(o—>p) €landp €l implyo € [ forallo,p,q € P

Thus, I is a Wi-ideal of .

Proposition 3.1.4. Let I be a Wl-ideal . Then [ is a positive implicative W1-ideal g if and only if 0 @
P®o)el, (0> (P—0)) €limplieso €] forallo,p € .

Proof. Let [ be a positive implicative Wi-ideal of o and let 0 = 0,p=0,=pinp Q@ (R pP) o E I,

(P> (@@= p)) —0))€lando €[ imply p €I then, we have (0 @ (p ®0)) @0 € I, (((0 - (p »
0)")* > 0)*€land 0 € [ imply o € I, which implies that,0 ® (p @ 0) €I, ((0 = (p = 0)*)" € I implies
p €l

Conversely, since [ isa Wi-ideal 0, p @ (¢ @ p) €L, (p = (q—=p)) €L
Thus, we have p € I.

Proposition 3.1.5. Let [ be a non-empty subset of RLW -algebra . If [ is a positive implicative W-ideal
of o, then it is an implicative WI-ideal of .

Proof. Let I be a positive implicative Wi-ideal of .

We need to prove: [ is an implicative Wi-ideal of .
Let(@®p)®q ((0—>p)"—q)€lan pRq,(p—>q) €L
It is enough to show thato @ g, (0 = gq)* €1

Here, 0@ p) ®qa=0Q (p ® q) [ From (ii) of proposition 2.3]

Copyright@REST Publisher 35



Shanmuga Priya et. al./ Computer Science, Engineering and Technology, 2(1), March 2024, 33-40

=0Q@ (¢ ®p) [ From (iii) of proposition 2.3]
=(0Q®q Q) [ From (ii) of proposition 2.3]
((0=p)" =»aq)=(q - (0->p)
=(0->(@" —-p)° [ From (vii) of proposition 2.2]
=0->( -q) [ From (x) of proposition 2.2]
=@ - (0-q9) [ From (vii) of proposition 2.2]
=((o—->q)" —>p) [ From (x) of proposition 2.2]

Therefore, ((o = p)* = )" = ((0~>g)* > p)*
We prove that, (0 ® q) > p < ((p > q) > (0 ® q) — )
Then ((p = q) = (0 @ q) ® p)
(P RNVNV (PR ) <(0®q) ®pyand
(=) =»p<((p->q) > ((0>q)" =g then (p->a) > (0~ =2 a)) < (0> >p)
Since, (0@ ) ® )., PR a, (0= )" =P (> €l
We have (0 ® ) @ q),((0 > q)* > q) €1
Also,(0® ) ®q)=(0®NR0)®q
=((0®)®0Qaq) X q)
=0®qB((r®0)®q) ®aq)
=((®NR ((o Ra R D)) ®q) [From (ii) of definition 2.5]
(0= =)' =((0=>q)"=>0)" = q)
=((0> )" > (0->q)") = q)
=((0-=>q) > (0=0)">q)) = 0q) [From (i) of proposition 2.2]
=((0=>q)" > (0> =>0)) > )
From (iii) of definition 2.1, we have
((@(CRCRMN)®I= (RN ()
(0=20=>0=>0))=>q"=(0=>9" > (0->(->09))
Thus , we have 0 @ q, (0 = q)" € I.

Proposition 3.1.6. Let [ be a non-empty subset of RLHW -algebra g. If [ is an implicative W1-ideal of ,
then I is a positive implicative W1-ideal of .

Proof. Let I be an implicative W1-ideal of RLHW -algebra g,
Then, wehave =p @ (& p), P~ (> p)") €I

Thus, we getp @ (a®p) =1 Q@ (P X q)
=pQ®q [From (ii) of definition 2.5]

=0€]land
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=>@=>p)=W=p)=>p) =((p" =a)->p)"
Since, 0 isa RLHW -algebra, we getp =p Q (@), p=((p-=>(q—=p)) €L

Proposition 3.1.7. Let M and N be two Wl-ideals of RLW-algebra o with M € N. If M is a positive
implicative W1-ideal of g% then so is N.

Proof. Leto @ (p @ 0) EN.
Take r=0Q (P ®0), (0> P—-0)) . X=0@r,(0—>r)and Y =o.
Then, Y @ X=0Q (0 ®r)

=0Q (0 ® (0 (pQ0)))

=00 (PR L®p))) [From (iii) of definition 2.3]
=0 (O® () [From (ii) of definition 2.5]
=0Q® (0 Qp) [From (ii) of definition 2.5]
=0® (P®0o) [From (iii) of definition 2.3]
=rand

Y->X)=0->(0->r))
=@=>@->0@~>F~->09))
=(@=>@Fp-0)) =1
Therefore, Y @ X =71, (Y - X)" =1r"
SO, XR®YRX)=XQr

=0®r®r

=r@0OQr) [From (iii) of definition 2.3]
=rQ® (r®o) [From (iii) of definition 2.3]
- (r®o) [From (ii) of definition 2.5]
=0®(PR0)®o

=0R0OR®P))R0o [From (iii) of definition 2.3]
—(0®7p) @0 [From (ii) of definition 2.5]
=0 (OQp) [From (iii) of definition 2.3]
=pQ®y €M and

K-> ->X))=(o->7))>r7)

=@ - (->n)

=@->(->n)

X->{-X)"=0eM

So o € M by M is a positive implicative W1-ideal of .

SinceM S N,o @, (o =» r)* = X € N implies that o € N. Thus, N is a positive W1-ideal of .
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3.2. Associative Wl-ideals of RLW-algebras.

In this section, we introduce the concept of associative Wi-ideal of RLW -algebra and we find some
of its properties with illustrations.

Definition 3.2.1. A subset of £ is said to be an associative W-ideal of g with respect to o, where o is fixed
element of g, if it satisfies the following axioms for all o,y € o and o # 1,

(1) 0€el
(i) PpQoeland (¢ ®p) Qo) Elimplyg€el
(iii) (p—>0) €land ((q = p)* — 0") implyq € I.

Example 3.2.2. Consider a set £={0,p, q,7, s, t, 1}. Define a partial ordering “<” on §, suchthat0 < a <
b < ¢ £ d < 1 with a binary operations“ @ "and " — "and a quasi complement " * "on % as in following
tables 3.1.3 and 3.1.4.

Table 3. Complement Table 4. Implication
b | o -0 |p q | r |1
0 1 0 1 1 1|1 1
p r p r 1 1 1 1
q q q q r 1 1 1
r p r|p q 1 |1 1
1 0 1 0 P q T 1

Define V and A operations on g as follows:

(o vp)=(o—p)—p,

@AP=>0->p)->p);0@®p=(0—-p) forallop€p.

Then, % is a RLW -algebra. It is easy to verify that, I, = {0, q, r} is an associative Wl-ideals of .
Proposition 3.2.3. Every associative W-ideal with respect to o contains o itself.
Proof. Let I be an associative Wl-ideal of .

Ifo=0thenp®O0,(p—-0)"€land (®Y) R0, ((q—=p)* = 0) €l implyqg€l.
Sopelandg®p, (q—=>p)" €limplyq€ I

Hence, we have [ is a Wl-ideal of  that contain 0. If o = 1 then I = A.
Ifo#0,1,takep=0andg=0then(®0®0) RQRo=(0—-q) =1"=0€1,
(0—=0)">0)"=(0—>0)=0€land0®o0,(0—>0)"=0€implyo € I.
Proposition 3.2.4. Every associative W1l-ideal is a W-ideal of RLW -algebra .
Proof. Ifpelando @ p,(0 = p)* Elthenp ®O0, (p - 0)" €l and

(0®pP) X0, ((o—p)"— 0)" €l.Since [ is an associative WI-ideal of ¢ then o € I.

Proposition 3.2.5. Let I be a Wi-ideal of . I is an associative Wl-ideal if and only if ((q @ p) & o),
(((@—=>p)* = 0)") impliesq @ (p ®0), (z—=> (p—>0))") €L

Proof. f (@ p) R o, ((g—=p) = 0))andp @ o, (p = 0)" € I then
I®P®0), (= (®—0)))andp o, (p—0) €I
Since I is a Wl-ideal of g, then q € I.
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Conversely, let (4 @ ) Q o, (((q = p)* = 0)*) €[ then

((®r®)®WeN)®:)=(1®N BB ® (@) ®=oB0=0¢!

Hence, (((q QOr®n))RWR® p)) ® D) €l (3.2.1)

Equation (3.2.1) comes fromqg @ p < (p @ 0) Q@ (q ® o)

Which implies (g ® 0) @ (p ® 0) < q & p and

((a=(p=0)=@=>p) =>0))={(—=> P> =0)(@~>n))

=((((@=0) > (p=0)) = (a-p))=1"=0€1l

Hence, (= (P~ 0))" = (a=>p)) = 0)) €] (322
Equation (3.2.2) comes from (q = p) < (p = o) = (q = 0)

Which implies (((q = 0)" = (p = 0))") < ((a = p)").

From our assumption that,q @ (p ® o), ((q = (p = 0)*)*) € I and [ is an associative WI-ideal.
Thus, we have g ® (p ® 0), (9 =~ (p = 0)7)") €1

Proposition 3.2.6. Let I be a Wi-ideal of . I is an associative WI-ideal if and only if (p ® 0) ® o, ((y —
0)* = 0)" € [ implies p € I.

Proof. If (P Q@0) R0, (p—>0)" 20) Elthenp @ (0Q ), (p—= (0 —>0)) EL
So,p®0=0,(p>0)" =pel

Conversely, (((q RMHPP D)) ® 0) ® D) ® ((a ®p) ®0))

=((1R®P)® (VD) ®0)®0) R (R (1®Y¥)) (3.2.3)
=((0®0®0)®0)® (R 1) ® ()

=(((0®0)®0) ®0) ® (08 0))

:(((D®(0®o))®o)®(0®0))

=(0®0)®0)®0)

=((0® (0 ®0) ®0)

=((0®0)®0)

=(0®(0®0o)

=0®o=0€]and

(= (®=>0))" =0) =0) > ((a->p) ~0))

=((((@=®=>0))" =0)=0)=>((a->p)>0)) = 0)

=((((@=(®=0)) =0)=>0)=>({((a=20)=>(®->0) > (a->p))) (3.24)

=((((a»@->0))" =0 =0 > ((a->p ~>0))>"(((a>(P->0)) >0)~>(@->p)))
=((((@=(®P=0)) =0)=>0)=>{a=>(P=>0) =>0))=>(a->p)) > ((a>p) >0))
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Ss((@@=p)" =) =>a=>p)—>0)) =0

Hence, (((1® (P @) ®0) ®0)® (@B ®0), (4= (0 —0)") =) >0)' = (4
p)-0))eEL((@®@(P®0)®0)®0), (a—>(P—->0)) —0) >0) €L

From the given cpndition, we have ((p @ 0) @ o, (p 2 0)* = 0)* € I.

From the proposition 3.2.4, we have I is an associative Wi-ideal,

Equation (3.2.3) comes fromqg @ p < (p X 0) ® (4 ®0), (q—=>p) < (p—~0) - (q - 0)
So((a®@0)®(P®0)<a®p, ((a—>0)"—> (p—0)) <(q—p) that,

(@GP ®0))® AP =0,(((a—>0)"~> (-0~ (g-p))=0and

the inequality in (3.2.3) from (0 @ p) < (G ® 1) » (z® ), 0 = p < (g = 0) — (q — p) then

@M ®A®0)<o@p.

4. CONCLUSION

In this paper, we have studied positive implicative WI-ideal and associative Wi-ideal of RLW -algebra and
investigated some of their properties. Also, we have analyzed the relationship of positive implicative Wi-ideal
with implicative WI-ideal and Wl-ideal, and hence an associative WI-ideal with WI-ideal. Moreover, we provide
the condition equivalent for both positive implicative WI-ideal and associative WI-ideal.
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